The exact solution of the non-stationary problem of the tunneling of electrons out of the onedimensional potential well by the steady electric field when it is suddenly switched on is obtained. The formula for the tunnel current density is found. The results obtained are compared with those of stationary tunneling theory that corresponds to the adiabatic switching on of the electric field. It is noted that the especially strong dependence of the tunnel current on the way the electric field is switched on arises in the case of the well a few bound states. This dependence should be taken into account while analysing experimental data on tunneling ( atom ionisation, for example ) in an electric field.
Introduction
In this paper the exact solution of the non-stationary problem of the electron tunneling out of the onedimensional well in a steady electric field is given. The main result is that the electron tunneling out of the well is a quantum transition of the electron from the bound state in the well to the state which represents a super position of both quasi-stationary states and continuous spectra states and the subsequent simultaneous penetration of the electron wave 'through' the barrier via the channels corresponding to the bound electron states in the well.
We consider the electron tunneling out of the well under the influence of an electric field as a non stationary quantum mechanical problem. The electric field causing the tunnel transition is assumed to be switched on at some moment of time. The initial condition imposed on the solution of the Schrödinger time equation corresponds to the localised electron state in the well. Such an approach was used by Drukarjev (1951) while investigating the particle transfer through the potential barrier in the case of the long-range potential. The present paper generalises Drukarjev's results to the case of the long-range potential describing the electric field. This case turns out to be technically more complicated than that of the shortrange potential as the energy distribution function for the initial state is not a meromorphic function which is in agreement with the results of Krylov and Fock (1947) To formulae for the wavefunction of the bound state disintegrating under the influence of the electric field and for the electron tunnel current density out of the well are derived in the following sections. The case of the well with the single bound state is considered. The results obtained are compared with those of the stationary theory of tunneling. The difference between them is considerable especially in the case of the well with a few bound states and also remains in the case of the well with the single bound state. This is accounted for by the fact that in the non-stationary theory under the influence of the field impact due to the switching on of the electric field, the electron is largely knocked out of the initial level and goes over to the wavepacket state that does not make any appreciable contribution to the tunnel current. In the appendix we present formulae for the wavefunctions of stationary states and derive some relations required for the tunnel current calculation
The wavefunction
Let us consider the problem of electron tunneling out of the one-dimensional potential well
where the prime ( ′ ) means that in the corresponding quantity one ought to put ′ is determined by the right-hand side of formula (7) if ′ κ 1 is replaced by − ′ ik 1 . The rest of the notation is given in appendix 1. It should be noted that formula (3) and (6) are precise. The errors arising in the subsequent relations are connected only with the approximate calculations of the integrals involved in (3) and (A2.6).
First of all, we fix the argument phase of Hankel's functions 
To calculate the integrals involved in (3), let us consider the contour integrals ( ) ( )
, where the contours C n ( ) Firstly, we consider the integral I 1 . It can be shown that the function ( ) Figure 2 . The integration contours in the plane of a complex variable ′ E Therefore, the angle ψ (see contour C 1 ) must be in the interval ( );
in this case the integral along the contour C 1 are of the radius R → ∞ vanishes. The integrals along the arcs of the radius r → 0 vanish as well. Applying Cauchy's theorem on residues to the integral I 1 , we obtain the formula
where Re s C 1 ∑ is the sum of residues in the poles located inside the contour C 1 .
The integrals I 2 and I 3 are investigated analogously. By means of the formulae obtained in this way we arrive at the following expression for the wavefunction
Formula (8) 
is satisfied. It can be shown that with increasing z the wavefunction sharply decreases if the opposite inequality is fulfilled.
We investigate the asymptotic behaviour of integrals involved in the right-hand side of the
We shall now proceed with the evaluation of the first of the integrals. As the integrand rapidly decreases with increasing x , the main contribution is made by a small vicinity of the point x = 0 . Taking into consideration that the point x = 0 is not singular and that
, ,..., and integrating by parts, we arrive at the conclusion that this integral vanishes at t → ∞ .
In the second integral the point x = 0 is the branch point of the integral. Owing to this fact, the integral does not vanish. The following representation takes place:
where the function ( )
has no singularity at x = 0 . In view of the rapid decrease of the integrand with increasing x , we may replace the function ( )
by its expansion in a power series in x , retaining only the first two expansion terms
The formula for
, which can be easily deduced with the aid of the equalities (6), (10) and (11) is given by 
Now we turn to computing the last term in (8 
Denote the maximum value of the imaginary part of poles in the region
, where Γ 0 is the imaginary part of poles lying outside the
. It is obvious that at such times in the formula for the wavefunction one can retain only the residues in poles for which
. Therefore, we shall further take into account only the residues in these poles. It will henceforth be supposed that the inequality
is fulfilled. The above mentioned poles of the function
, making the greatest contribution to the wavefunction are determined by the dispersion equation: 
To derive the latter equation we used the asymptotic formulae for Hankel's functions at large argument value.
In the absence of an electric field, equation (15) 
E n
0 of bound electron states in the potential well. The roots E n of equation (15) are of the form: 
The following remark is appropriate here. The general decay theory of the unstable system prepared at some moment of time is formulated in the book (Goldberger and Watson 1964) 
Taking into account formulae (8), (13) and (17), we finally obtain the following expression for the wavefunction ( ) ( 
The tunnel function and discussion
The wavefunction (19) has the same structure as in the short-range potential case (Drukarjev 1951 ). The first term in the right-hand side of (19) describes a damping transient due to the switching on of an electric field and spreading out of the wavepacket in time. As is known (Baz et al 1971) this term predominates over the second one only during a small time interval after switching on the field and also at very large times when the second term becomes exponentially small. Of most interest is the intermediate time region in which the first term can be neglected. In this region the electron tunnel current density is of the form: The oscillating in the time and the space part of current
, is a result of interference between the transition amplitudes corresponding to the electron jumping from the level E in the well to the neighbouring levels. Note that in the formula for
we have neglected the smooth dependence on z , arising from
According to formulae (3), (19) and (20) (21) and using (16) and (18), we receive
While investigating the electron tunnelling out of the well, the stationary problem is usually studied i.e. the electric field E is supposed to act constantly in time, without switching on and off. The solution to the stationary Schrödinger equation
, obeying the outgoing-wave boundary condition (Baz et al 1971 , Blokhintsev 1961 , is looked for. The outgoing wave condition consists in the requirement that outside the barrier there be only the waves that correspond to the knocking out of the well electrons. Compare the results of the stationary theory of tunnelling with those obtained in this paper. To this end we derive the stationary theory formulae which are analogous to !18) and (19). As is seen from formula (A1.1) for
, the outgoing-wave condition in the tunnelling problem being considered is expressed by the equality
which is equivalent to the dispersive equation (15). According to (A1.1), in the region z f 0 the electron wavefunction supplemented with the factor e iEt − may be represented in the form (compare with relation
The constant d is defined by the condition 
. Taking into account the relationships (A1.1), (23) and (24), we have
The tunnel current density in the state (24) is given by
The ratio of the quantities ( ) g E (22) and ( ) 
According to (26), the electron tunnel current calculated within the consistent non-stationary theory turns out much smaller than in the stationary theory. This is due to the fact that under the influence of the field impact the electron is largely knocked out of the initial bound state, passing to the continuous spectra states. Then the wavepacket formed by these continuous spectra states is spread out in time but in the intermediate time range mentioned above the wavepacket described by the first term in the right-hand side of (19) does not make any appreciable contribution to the tunnel current.
The present theory describes the case of the sudden switching on of an electric field when under the action of the field impact an intense 'shaking' of the system takes place. The stationary theory seems to describe the tunnelling in a different limiting case -when the electric field is switched on adiabatically. The appreciable dependence of the tunnel current value upon the way the electric field is switched on should be taken into account while analysing the experimental data on tunnelling (atom ionisation, for instance) in an electric field.
It is of interest that the electric field has a marked effect on the character of the spreading out of the wavepacket in time. Indeed, in the case being considered the wavepacket is spread out in time according to the law t − 3 2 , while in the short-range potential case it is spread out according to the law t − 1 2 (Drukarjev 1951) .
Note that in the stationary tunneling theory, in which the outgoing-wave boundary condition is used, the wavefunction
Here the following notation is introduced: 
